Abstract. Polynomials orthogonal on [0, <=] with regard to the weight function w(x) = x°il + x)~' are obtained, recurrence relations are found and the differential equation, which is satisfied by them, is given. Formulas for weights and abscissas in the corresponding quadrature formula are given.
1. Introduction.
Harper [1] developed a quadrature formula on [-oe, »] with the algebraic weight function w(x) = (1 + x2)-*-1. Even though the degree of the polynomial approximation to f(x) is limited, he illustrated the superiority of his formula over that due to Gauss-Hermite, when f(x) is a particular algebraic function.
In this paper we have worked out a similar formula on [0, <» ] with the algebraic weight function w(x) = x"(l + x)~ß. While the Gauss-Laguerre formula is expected to work well in situations where the integrand function behaves asymptotically like e~yz, our formula would be more suitable where the integrand function has both the following features:
(a) asymptotic behaviour like x~ß+ ", (b) algebraic singularity like (1 + x)~ß at x = -1. This fact has been illustrated with the help of an example in Section 3. and that the growth of the function fix), as a approaches infinity, be restricted by the condition
where M is a finite constant and p is a real number such that p + a < ß. In (1) the abscissas x, are the zeros of the nth degree polynomial </>",",*(x) which satisfies the orthogonality condition (4) f xa'I + *)"'*..«.*(*)*..«.*(*) dx = 0, m*n.
Jo
Following Hildebrand [2] it is found that such a system of orthogonal polynomials is given by the formula
If these polynomials are standardised such that the coefficient of xn is unity, we require c" = (-1)T03 -2n -a)/Tiß -n -a).
Thus, the Rodrigues formula for <p",a,$ix) is (5) a....*) = i-v%~J;i$*~m* + »f^-a + *r*i
Here a, ß are any real numbers such that a > 0, ß > a + 1 and n is the greatest integer less than \(ß -a). These restrictions are imposed by condition (2) and by the requirement for the existence of orthogonal polynomials.
The following recurrence relations are found to be satisfied by (5):
(8) 
3. Illustration. For a = 1, and 0 = 13, the following set of polynomials is generated: For the quadrature formula (16) C" x " I n _L ^13 ft*) dx = Y HifiXi), Jo (1 T X) ,_! the values of x, and Ht are given in Table 1 .
As an illustration, the integral (17) 1(f) = / 7 7 713 dx = 0.0082 8157
has been approximated using formula (16) and also using a straightforward application of the Gauss-Laguerre formula. This example is 'hand-tailored' for the use of formula (16) and, since it does not behave asymptotically like e~x, the Gauss-Laguerre formula is quite inappropriate. The numerical results listed in Table 2 show that for this example, formula (16) is much more accurate than the Gauss-Laguerre formula. The last column of Table 2 contains the upper bounds on errors calculated through the estimate (15) after replacing / (2n)(£) by max0SlS. |/<2"'(jc)|.
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